Abstract. Recently, Baumslag and Wiegold proved that a finite group G is nilpotent if and only if o(xy) = o(x)o(y) for every x, y ∈ G of coprime order. Motivated by this result, we study the groups with the property that (xy) G = x G y G and those with the property that χ(xy) = χ(x)χ(y) for every χ ∈ Irr(G) and every nontrivial x, y ∈ G of pairwise coprime order. We also consider several ways of weakening the hypothesis on x and y. While the result of Baumslag and Wiegold is completely elementary, some of our arguments here depend on (parts of) the classification of finite simple groups.
Introduction
Recently, B. Baumslag and J. Wiegold [1] obtained the following elementary characterization of finite nilpotent groups: a finite group G is nilpotent if and only if o(xy) = o(x)o(y) for every x, y ∈ G with (o(x), o(y)) = 1. In [12] , the second author and A. Sáez showed that it suffices to assume that o(xy) = o(x)o(y) for x, y ∈ G of prime power order with (o(x), o(y)) = 1. The goal of this note is to study some variations of this result by considering conjugacy classes or characters instead of element orders. In Section 2, we consider conjugacy classes. Our first result is elementary.
Theorem A. Let G be a finite group. Then G is nilpotent if and only if |(xy) G | = |x G ||y G | for every x, y ∈ G of prime power order with (o(x), o(y)) = 1.
In the next result, we weaken the condition |(xy) G | = |x G ||y G |.
Theorem B. Let G be a finite group and assume that (xy) G = x G y G for every x, y ∈ G of prime power order with (o(x), o(y)) = 1. Then G is solvable.
Theorem B is a consequence of a recent result of the first author and P. H. Tiep that relies on J. Thompson's classification of minimal simple groups. Unfortunately, we have not been able to classify the (solvable) groups that satisfy the hypothesis of Theorem B.
A related condition was studied by E. Dade and M. Yadav in [2] . In that article, they classified the groups that satisfy that x G y G = (xy) G for every x, y ∈ G with x G = (y −1 ) G . It turns out that such groups do not need to be nilpotent either. However, there are not many nonnilpotent groups satisfying the property studied by Dade and Yadav. They showed that the Frobenius group Q 8 (C 3 × C 3 ) and F + ⋊ F x , where F is a finite field with |F | > 2 are the only nonnilpotent groups with this property.
In Section 3, we classify the finite groups that satisfy a similar condition for characters. This result does not depend on any part of the classification of finite simple groups.
Theorem C. Let G be a finite group. The property χ(xy) = χ(x)χ(y) for every nonidentity elements x, y ∈ G of prime power order with (o(x), o(y)) = 1 and every χ ∈ Irr(G) holds if and only if either G is a prime power order group, an abelian group or G has the following structure:
(i) G = AP where A > 1 is a cyclic p ′ -group and P is a normal Sylow p-subgroup for some prime p.
(iii) The action of A on D is Frobenius.
One could think that, perhaps, the groups described in (i)-(iii) satisfy that C is normal in G (and hence G can be written as the direct product of an abelian group and a Frobenius group). However, this is not the case. It is well-known that inside the semidirect product SL(2, 3)(C 3 × C 3 ) the action of Q 8 ≤ SL(2, 3) on C 3 ×C 3 is Frobenius. In particular, if we take z ∈ Z(Q 8 ) and g ∈ SL(2, 3) of order 3, then the semidirect product G = gz (C 3 × C 3 ) has the structure described in (i)-(iii) with C = g not normal in G.
We also consider what happens if we fix a prime p and we just assume that the class condition of Theorems A or B or the character condition of Theorem C holds when x is a p-element and y is a p ′ -element of prime power order. We obtain similar results, but the strong form of Theorem B relies on the classification of finite simple groups. We conclude in Section 4 with some open questions motivated by this work.
Conjugacy classes
We begin with the elementary proof of (a strong form) of Theorem A. It is well-known that a finite group is nilpotent if and only if every two elements of coprime order commute (see Theorem 2.12 of Chapter 4 of [13] ). We need the following slight generalization of this result.
Lemma 2.1. Let p be a prime number and G a finite group. A Sylow psubgroup of G is a direct factor of G if and only if for every p-element x and every p ′ -element of prime power order y, x and y commute. In particular, G is nilpotent if and only if for every prime power order elements x, y ∈ G with (o(x), o(y)) = 1, x and y commute.
Proof. Assume that every p-element x commutes with every p ′ -element of prime power order y. We argue by induction on |G|. We may assume that p divides |G|. Let 1 = z ∈ Z(P ), where P is a Sylow p-subgroup of G. By hypothesis, C G (z) contains a Sylow r-subgroup of G for every prime r, so z ∈ Z(G) so z ∈ Z(G). By induction G/ z has a Sylow p-subgroup as a direct factor whence so does G.
Actually, a weaker sufficient condition for nilpotence is known: G is nilpotent if and only if for every pair of primes p and q and every pair of elements x, y ∈ G with x a p-element and y a q-element, x commutes with some conjugate of y (see Corollary E of [3] ), but the proof of this result depends on the classification of finite simple groups Now, we are ready to prove our strong form of Theorem A. Theorem 2.2. Let p be a prime number and G a finite group. Then G has a Sylow p-subgroup as a direct factor if and only if |(xy) G | = |x G ||y G | for every p-element x ∈ G and every p ′ -element of prime power order y ∈ G. In particular, G is nilpotent if and only if |(xy) G | = |x G ||y G | for every x, y ∈ G of prime power order with (o(x), o(y)) = 1.
Proof. Assume that |(xy) G | = |x G ||y G | for every p-element x ∈ G and every p ′ -element of prime power order y ∈ G. By the previous lemma, it suffices to see that x and y commute. We have that
It follows that xy ∈ C G (xy) ≤ C G (y), so xy commutes with y. We deduce that x and y commute.
Next, we notice that the hypothesis in Theorem B is equivalent to a character-theoretic condition. Lemma 2.3. Let G be a finite group and let x, y ∈ G. Then (xy) G = x G y G if and only if χ(1)χ(x a y b ) = χ(x)χ(y) for every a, b ∈ G and χ ∈ Irr(G)
Proof. The "only if" part follows from Lemma 2.2 of [5] . In order to obtain the 'if" part we take z = x a y b ∈ x G y G and we want to see that z ∈ (xy) G . We have that
for any χ ∈ Irr(G) and we deduce that z ∈ (xy) G .
The next result depends on the classification of finite simple groups.
Theorem 2.4. Let G be a finite group and let p be a prime number. Then G is p-solvable if and only if for every primes q = r different from p and every x ∈ G nontrivial p-element, y ∈ G nontrivial q-element, z ∈ G nontrivial r-element, xyz = 1.
Proof. This follows from Theorems 3.4 and 1.4 of [7] .
We note that the case p = 2 depends on the classification of minimal simple groups, but when p is odd we need the full classification of finite simple groups. Now, we are ready to prove a strong form of Theorem B.
Proof. Let G be a minimal counterexample. Since the hypothesis is inherited by quotients, any minimal normal subgroup of G is a direct product of nonabelian simple groups of order divisible by p. If N = S 1 × · · · × S t is a minimal normal subgroup then, by the minimality of G, G/N is p-solvable, and we deduce that N is the unique minimal normal subgroup of G.
By Theorem 2.4, there exist primes q = r different from p and there exist a nontrivial p-element x ∈ S 1 , a nontrivial q-element y ∈ S 1 and a nontrivial r-element z ∈ S 1 such that xyz = 1. By Lemma 2.3, we have that
for every χ ∈ Irr(G). We deduce that χ(y) = 0 if and only if χ(z) = 0 and in those cases |χ(x)| = χ(1) whence x ∈ Z(χ). Since the normal closure of x is N , we deduce that N ≤ Z(χ). Since Z(χ)/Ker(χ) is abelian, it follows that N ≤ Kerχ so χ is a character of G/N . It follows that
We observe that Theorem B follows immediately from the case p = 2 of Theorem 2. 5 
Characters
We start working toward a proof of a strong form of Theorem C. Part (iii) of the following lemma will be the key of our proof. Lemma 3.1. Let G be a finite group and let A and B be nontrivial conjugacy classes. Assume that χ(xy) = χ(x)χ(y) for every x ∈ A, y ∈ B and χ ∈ Irr(G). Then (i) (xy) G = AB.
(ii) χ(xy) = 0 for every nonlinear χ ∈ Irr(G). In particular, χ(x) = 0 or χ(y) = 0.
(iii) (xy) G = xyG ′ .
Proof. In order to obtain (i) it is enough to argue as in the proof of Lemma 2.3. By Lemma 2.3, (i) implies that χ(1)χ(xy) = χ(x)χ(y). Since χ(xy) = χ(x)χ(y) by hypothesis, we deduce that χ(xy) = 0 if χ ∈ Irr(G) is nonlinear and hence we have (ii). This implies that
This completes the proof.
Notice that Lemma 3.1 (iii) implies that G is solvable, by Theorem 4.3 of [10] or Theorem B (a) of [6] . The proof of these results depends on the classification of finite simple groups, but we will not use this in the proof of Theorem 3.2. It is worth pointing out that the fact that a group G with a conjugacy class of size |G ′ | is the dual for conjugacy classes of the Howlett-Isaacs theorem on groups of central type (see [9] ). Theorem 3.2. Let G be a finite group and let p be a prime. The property χ(xy) = χ(x)χ(y) for every nonidentity p-element x ∈ G, every nonidentity p ′ -element of prime power order y ∈ G and every χ ∈ Irr(G) holds if and only if G is either a p-group, a p ′ -group, an abelian group or G has the following structure:
(i) G = AH where A > 1 is cyclic and H is either a normal Sylow psubgroup of G or a normal Hall p ′ -subgroup of G.
Proof. Assume that χ(xy) = χ(x)χ(y) for every nonidentity p-element x ∈ G, every nonidentity p ′ -element of prime power order y ∈ G and every χ ∈ Irr(G). We may assume that p divides |G| and that G is not a p-group.
Also, we may assume that G is not abelian. By Lemma 3.1, (xy) G = xyG ′ for every nonidentity p-element x ∈ G and every nonidentity p ′ -element of prime power order y.
We claim that G ′ is either a p-group or a p ′ -group. By way of contradiction, assume that there exists a nonidentity p-element x ′ ∈ G ′ and a nonidentity q-element y ′ ∈ G ′ , for some prime q = p. Then (x ′ y ′ ) G = x ′ y ′ G ′ = G ′ and this is a contradiction (since 1 ∈ G ′ ).
Assume first that G ′ is a p ′ -group. Then G has a normal Hall p ′ -subgroup H, G ′ ≤ H and G = AH where A is a Sylow p-subgroup of G. By coprime action, H = CD where C = C H (A) and D = [H, A] = G ′ . Furthermore, A is abelian, D ⊳ G and C ∩ D = 1. Let 1 = a ∈ A and g ∈ G ′ be a nonidentity prime power order element. Then (ag) G = agG ′ = aG ′ is a conjugacy class so a G = aG ′ . This implies that |C G (a)| = |G :
Since AC ≤ C G (a), we deduce that C G (a) = AC and C D (a) = 1, so the action of A on D is Frobenius. In particular, since A is abelian, it is cyclic. We are done in this case.
Finally, we may assume that G ′ is a p-group. This case can be handled in the same way. The only difference is that H will be a Sylow p-subgroup and A a Hall p ′ -subgroup.
Conversely, we want to see that if a group satisfies properties (i)-(iii) then χ(xy) = χ(x)χ(y) for every nonidentity p-element x ∈ G, every nonidentity p ′ -element of prime power order y ∈ G and every χ ∈ Irr(G). In order to see this, it suffices to prove that χ(g) = 0 for any g ∈ G − H and any nonlinear χ ∈ Irr(G).
Since A and C are abelian and commute, G/D is abelian. Therefore, all the nonlinear characters of G lie over nonprincipal characters of D. Let α ∈ Irr(D) be such a nonprincipal character. Since the action of A on D is Frobenius, I G (α) ≤ H (by Theorem 6.34 of [8] , for instance). It follows from Clifford's correspondence, that every χ ∈ Irr(G) that lies over α is induced from some character of H. Therefore, χ vanishes on G − H, as desired.
Further results and questions
There are a number of related questions that would be interesting to solve. The first of them is immediately motivated by the results in this paper: Question 4.1. Which are the (solvable) finite groups that satisfy the hypothesis of Theorem B?
According to some GAP computations with the SmallGroups library (we thank A. Sáez for doing this program) it could be true that G/F (G) is metabelian. However, it does not seem easy to obtain a classification of these groups.
We have seen in theorems 2.2, 2.5 and 3.2 that we can weaken the hypothesis on x and y that appears in the statement of the results in the introduction by assuming that x is a p-element, for some fixed prime p. It is interesting to consider what happens if we also assume that y is a q-element, for some fixed prime q = p. For instance, we have the following. This result can be proved as Theorem 2.5 using Conjecture 6.2 of [7] (which has been proven in [11] ) instead of Theorem 2.4. It is likely that we do not need to assume that 2 ∈ π. This should be related to the AradHerzog conjecture (see [5] ). Notice that this hypothesis does not imply that G is either p-solvable or q-solvable: take G = S 1 × S 2 with S 1 simple of order divisible by p but not by q and S 2 simple of order divisible by q but not by p.
By analogy with the multiplicative functions in analytic number theorem, we will say that a character χ of a finite group G is a multiplicative if χ(xy) = χ(x)χ(y) for every nonidentity x, y ∈ G with (o(x), o(y)) = 1. (Sometimes, the term multiplicative character is used for the linear characters, which is a more complete analogy, but this is not convenient for our purposes.) Multiplicative characters seem rare in nonnilpotent groups. Gagola groups (i.e. groups with a character that vanishes on all but two conjugacy classes; see [4] ) are examples of such groups. Notice that among them there are nonsolvable groups. We are not aware of any example of a nonnilpotent group with a faithful multiplicative character that does not vanish off of some normal p-subgroup for some prime p. In particular, we believe that such characters do not exist in nonabelian simple groups.
